In this study, numerical approximation of electrical circuits in terms of Caputo fractional time derivative is examined. The order of the derivative being considered is 0 ≤ α ≤ 1. Haar wavelet numerical scheme is used to derive the solutions of the fractional electrical circuits, namely RC, LC and RLC. The comparative analysis of numerical simulation of each equation with the classical ones is also provided.
Introduction
The seeds of fractional calculus were planted over 200 years ago, although its application has attracted attention of researchers only in recent decades. Fractional calculus, the derivatives and integrals of non-integer order, is the natural generalization of the classical calculus. It allows better modeling and control of processes of linear and non-linear phenomena that occur in various fields of study. It has become an important tool in many areas of biology, physics, engineering, chemistry, electromagnetism, earth quake study, bioengineering, image processing, and finances etc. [1] [2] [3] [4] [5] . In literature, various definitions of fractional derivatives were defined to obtain the solution of fractional differential equations [6] [7] . In order to find the solution, several methods are used namely separation of variables [8] , finite difference [9] , homotopy perturbation [10] , and homotopy analysis method [11] [12] .
Nowadays, wavelet transform and wavelet analysis are attracting considerable attention to find the approximate solutions of ordinary and partial differential equations. It is deeply
The Reimann-Liouville fractional integral operator J α for order α is defined as
Some properties are as follows:
where α, β ≥ 0 and ϕ > −1.
x k k! , t > 0. For detailed study on fractional derivatives refer to [1] [2] [3] .
Haar Wavelet
Haar wavelet is defined as
The index i = 0, 1, 2, . . . , m − 1, m = 2 j , where i = 2j + k − 1, j ≥ 0 and 0 ≤ k ≤ 2 j−1 . The maximum value of i is M = 2m = 2 J+1 . Note that j and k corresponds to integer decomposition of i.
Function Approximation of Haar Wavelet
Haar wavelet function w(t) can be defined as [31] 
where
The function w(t) is piecewise constant in subintervals. So that w(t) resolved at fixed terms
Here m is a power of 2.
Equation (3) can be written in matrix form as w = v T H. Here the vector v is in discrete form and the Haar matrix, H is of order m = 2 j , where j = 0, 1, 2, . . . ,J , that is
To solve the coefficients v i , we use wavelet collocation method whose points can be defined as:
Now defining the square Haar matrix of order m [31] :
For different values of m, we can get the H square matrix. If we set m = 8, the Haar matrix would be
According to the definition of Haar wavelet, H is known as an orthogonal matrix.
Haar Operational Matrix of Fractional Integration
Beginning with the operational matrix of Haar wavelet, the first step is to define a set of m-term Block Pulse functions as:b
where i = 0, 1, 2, ..., (m − 1). The functionsb i (t) are orthogonal. That is,
Since the Haar functions are in the form of piecewise constants, so defining them into m−term block pulse functions gives
whereB [32] defined Block Pulse operational matrix F n as:
whereF
To construct the Haar operational matrix, let
where P n m×m is the square matrix known as the Haar operational matrix. By using equations (10) and (11), we have
From equations (12) and (13), we get 
The Haar operational matrix P n m×m is given by
Applications
This section presents the applications of Haar wavelet technique to fractional electrical circuits LC, RC and RLC to find the approximate solution as compared with their classical order solutions.
LC Circuit
In an LC circuit equation, a combination of charged capacitor and inductor is presented. The fractional order equation of LC circuit is given below:
with initial conditions V (0) = V 0 , and D α V (0) = 0. The classical solution of for α = 2 is
where ϕ 2 0 = 1 LC . To find the approximate solution of equation (16) by Haar wavelet, let
Integrating equation (18) twice with respect to t, we get
After using the initial conditions, we get the result
Now equation (16) will be transformed to matrix form as
The above matrix equation can be solved by using MATLAB to find the wavelet coefficients vector a T m . The numerical solutions of the LC circuit for different values of α are given in Table 1 . Also graphical analysis for different values of α = 1.5, 1.75, 1.99 with m = 8 is shown in Figure 1 . As it can be clearly seen, for α =1.99 with m = 8, the graphical behavior of fractional LC circuit is similar to the classical solution for α =2.
RC Circuit
Consider the fractional RC circuit where resistance and charged capacitor are present. The related differential equation of fractional order is D α U(t) + µU(t) = 0, where 0 < α ≤ 1 (22) with condition U(0) = U 0 where µ = 1 RC .
337 Table 1 : Numerical Results of LC circuit (L = 1, C = 1, V 0 = 0.01 and α = 1.5, 1.75, 1.99 and 2). The classical solution of (22) for α = 1 is
Taking equation (22) and applying the proposed method, let
Integrating above equation with respect to t, we obtain
After using the given conditions, we get
Now equation (22) will be converted into matrix form as
The above matrix equation can be solved by using MATLAB to find the wavelet coefficients vector a T m . The numerical solutions of the RC circuit for some values of α are given in the Table 2 . Also graphical analysis for different values of α = 0.5, 0.75, 1.0 with m = 8 is shown in Figure 2 . As it can be clearly seen, for α = 1.0 with m = 8, the graphical behavior of fractional RC circuit is similar to the classical solution for α =1. 
RLC Circuit
Consider the fractional RLC circuit with resistance, inductance and charged capacitance. The related differential equation of fractional RLC circuit is
with conditions Q(0) = Q 0 and D α Q(0) = 0 where κ = 1 LC and ρ = R L .
The classical solution of (28) for α = 1 is
Applying Haar wavelet method to equation (28) , let Integrating above Equation (30) with respect to t, we get
Integrating Equation (31) again with respect to t, we obtain
After using the conditions in equation (32), we get
Now equation (28) will be converted into matrix form as
The matrix equation is solved by using MATLAB to find the wavelet coefficients vector a T m . The numerical solutions ofthe RLC circuit for different value of α are given in the Table 3 . Also graphical analysis for different values of α = 0.75, 0.95, 1.0 with m = 8 is shown in Figure 3 . As can be seen, for α = 1.0 with m = 8, the graphical behavior of fractional RLC circuit is close to the classical solution for α = 1. 
Conclusion
The paper proposed Haar's wavelet method, which is more efficient and simple compared to the contemporary solutions available currently used to approximate solutions of the fractional electrical circuit models. We have applied our method on three different circuits, namely, LC, RC and RLC shown in the Tables (1 -3) , respectively. The tables depicts the relationship of the parameter alpha. As alpha increases, the numerical values approach to the classical solutions for α = 1. Moreover, on increasing the level of wavelet i.e for m = 16 or m = 32, we can get more precise solutions of these fractional models. The graphs in Figures (1 -3) , represents numerical solutions of the fractional models that behave similar to the classical solutions but less complicated and more efficient. It can be concluded that the proposed method gives fast convergence to the solutions, easy in execution and can be applied to other physical models used in real life problems.
